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HEDGING IN BOND MARKETS BY THE CLARK-OCONE
FORMULA
NICOLAS PRIVAULT* AND TIMOTHY ROBIN TENG
Abstract. Hedging strategies in bond markets are computed by martingale
representation and the choice of a suitable of numeraire, based on the Clark-
Ocone formula in a model driven by the dynamics of bond prices. Applica-
tions are given to the hedging of swaptions and other interest rate derivatives
and we compare our approach to delta hedging when the underlying swap
rate is modeled by a diusion process.
1. Introduction
The pricing of interest rate derivatives is usually performed by the change of
numeraire technique under a suitable forward measure I^P. On the other hand,
the computation of hedging strategies for interest rate derivatives presents several
diculties, in particular, hedging strategies appear not to be unique and one
is faced with the problem of choosing an appropriate tenor structure of bond
maturities in order to correctly hedge maturity-related risks, see e.g. [2] in the
jump case.
In this paper we consider the application of the change of numeraire technique
to the computation of hedging strategies for interest rate derivatives. The payo
of an interest derivative is usually based on an underlying asset priced X^t at time
t (e.g. a swap rate) which is dened from a family (Pt(Ti))i of bond prices with
maturities (Ti)i.
We will distinguish between two dierent modeling situations.
(1) Modeling X^t as a Markov diusion process
dX^t = ^t(X^t)dW^t (1.1)
where (W^t)t2R+ is a Brownian motion under the forward measure I^P. In this
case delta hedging can be applied and this approach has been adopted in [7]
to compute self-nancing hedging strategies for swaptions based on geomet-
ric Brownian motion. In Section 4 of this paper we review and extend this
approach.
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(2) Modeling each bond price Pt(T ) by a stochastic dierential equation of the
form
dPt(T ) = rtPt(T )dt+ Pt(T )t(T )dWt; (1.2)
where Wt is a standard Brownian motion under the risk-neutral measure IP.
In this case the process X^t may no longer have a simple Markovian dynamics
under I^P (cf. Lemma 3.2 or (3.17) below) and we rely on the Clark-Ocone
formula which is commonly used for the hedging of path-dependent options.
Precisely, due to the use of forward measures we will apply the Clark-Ocone
formula under change of measure of [9]. This approach is carried out in Sec-
tion 3.
We consider a bond price curve (Pt)t2R+ , valued in a real separable Hilbert space
G, usually a weighted Sobolev space of real-valued functions on R+, cf. [4] and
x 6.5.2 of [1], and we denote by G the dual space of continuous linear mappings
on G.
Given  2 G a signed nite measure on R+ with support in [T;1), we consider
Pt() := h; PtiG;G =
Z 1
T
Pt(y)(dy);
which represents a basket of bonds whose maturities are beyond the exercise date
T > 0 and distributed according to the measure . The value of a portfolio
strategy (t)t2[0;T ] is given by
Vt := ht; PtiG;G =
Z 1
T
Pt(y)t(dy) (1.3)
where the measure t(dy) represents the amount of bonds with maturity in [y; y+
dy] in the portfolio at time t 2 [0; T ].
Given  2 G another positive nite measure on R+ with support in [T;1), we
consider the generalized annuity numeraire
Pt() := h; PtiG;G =
Z 1
T
Pt(y)(dy);
and the forward bond price curve
P^t =
Pt
Pt()
; 0  t  T;
which is a martingale under the forward measure I^P dened by
IE
"
dI^P
d IP
FS# = e  R S0 rsdsPS()
P0()
; (1.4)
where the maturity S is such that S  T .
In practice, (dy) and (dy) will be nite point measures, i.e. sums
jX
k=i
kTk(dy)
of Dirac measures based on the maturities Ti; : : : ; Tj  T of a given a tenor
structure, in which k represents the amount allocated to a bond with maturity
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Tk, k = i; : : : ; j. In this case we are interested in nding a hedging strategy t(dy)
of the form
t(dy) =
jX
k=i
k(t)Tk(dy)
in which case (1.3) reads
Vt =
jX
k=i
k(t)Pt(Tk); 0  t  T;
and similarly for Pt() and Pt() using (dx) and (dx) respectively.
Lemma 2.1 below shows how to compute self-nancing hedging strategies from
the decomposition
^ = I^E[^] +
Z T
0
hs; dP^siG;G; (1.5)
of a forward claim payo ^ = =PS(), where (t)t2[0;T ] is a square-integrable G-
valued adapted process of continuous linear mappings on G. The representation
(1.5) can be obtained from the predictable representation
^ = I^E[^] +
Z T
0
h^t; dW^tiH ; (1.6)
where (W^t)t2R+ is a Brownian motion under I^P with values in a separable Hilbert
spaceH, cf. (2.7) below, and (^t)t2R+ is anH-valued square-integrable Ft-adapted
process.
In case the forward price process P^t = Pt=Pt(), t 2 R+, follows the dynamics
dP^t = ^tdW^t; (1.7)
where (^t)t2R+ is an LHS(H;G)-valued adapted process of Hilbert-Schmidt opera-
tors from H to G, cf. [1], and ^t : H ! G is invertible, 0  t  T , Relation (1.7)
shows that the process (t)t2R+ in Lemma 2.1 is given by
t = (^

t )
 1^t; 0  t  T: (1.8)
However this invertibility condition can be too restrictive in practice.
On the other hand the invertibility of t : G
 ! H as an operator is not
required in order to hedge the claim . As an illustrative example, when H = R
we have
^ = IE[^] +
Z T
0
^tdW^t = IE[^] +
nX
i=1
ci
Z T
0
^t
^t(Ti)
dP^t(Ti);
where fT1; : : : ; Tng  R+ is a given tenor structure and c1; : : : ; cn 2 R+ satisfy
c1 +   + cn = 1, and we can take
t =
nX
i=1
ci
^t
^t(Ti)
Ti :
Such a hedging strategy (t)t2[0;T ] depends as much on the bond structure (through
the volatility process t(x)) as on the claim  itself (through t), in connection
with the problem of hedging maturity-related risks.
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The predictable representation (1.6) can be computed from the Clark-Ocone
formula for the Malliavin gradient D^ with respect to (W^t)t2R+ , cf. e.g. Propo-
sition 6.7 in x 6.5.5 of [1] when the numeraire is the money market account, cf.
also [11] for examples of explicit calculations in this case. This approach is more
suitable to a non-Markovian or path-dependent dynamics specied for (P^t)t2R+ as
a functional of (W^t)t2R+ . However this is not the approach chosen here since the
dynamics assumed for the bond price is either Markovian as in (1.1), cf. Section 4,
or written in terms of Wt as in (1.2), cf. Section 3.
In this paper we specify the dynamics of (Pt)t2R+ under the risk-neutral measure
and we apply the Clark-Ocone formula under a change of measure [9], using the
Malliavin gradientD with respect toWt, cf. (2.10) below. In Proposition 3.1 below
we compute self-nancing hedging strategies for contingent claims with payo of
the form  = PS()g^ (PT ()=PT ()).
This paper is organized as follows. Section 2 contains the preliminaries on
the derivation of self-nancing hedging strategies by change of numeraire and the
Clark-Ocone formula under change of measure. In Section 3 we use the Clark-
Ocone formula under a change of measure to compute self-nancing hedging strate-
gies for swaptions and other derivatives based on the dynamics of (Pt)t2R+ . In
Section 4 we compare the above results with the delta hedging approach when the
dynamics of the swap rate (X^t)t2R+ is based on a diusion process.
2. Preliminaries
In this section we review the hedging of options by change of numeraire, cf. e.g.
[5], [12], in the framework of [1]. We also quote the Clark-Ocone formula under
change of measure.
Hedging by change of numeraire. Consider a numeraire (Mt)t2R+ under the risk-
neutral probability measure IP on a ltered probability space (
; (Ft)t2R+ ; IP),
that is, (Mt)t2R+ is a continuous, strictly positive, Ft-adapted asset price process
such that the discounted price process e 
R t
0
rsdsMt is an Ft-martingale under IP.
Recall that an option with payo , exercise date T and maturity S, is priced
at time t as
IE
h
e 
R S
t
rsds
Fti =MtI^E[^jFt]; 0  t  T; (2.1)
under the forward measure I^P dened by
IE
"
dI^P
d IP
FS# = e  R S0 rsdsMS
M0
; (2.2)
S  T , where
^ =

MS
2 L1(I^P;FS)
denotes the forward payo of the claim .
In the framework of [1], consider (Wt)t2R+ a cylindrical Brownian motion taking
values in a separable Hilbert space H with covariance
E[Ws(h)Wt(k)] = (s ^ t)hh; kiH ; h; k 2 H; s; t 2 R+;
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and generating the ltration (Ft)t2R+ . Consider a continuous Ft-adapted asset
price process (Xt)t2R+ taking values in a real separable Hilbert space G, and
assume that both (Xt)t2R+ and (Mt)t2R+ are Ito^ processes in the sense of x 4.2.1
of [1]. The forward asset price
X^t :=
Xt
Mt
; 0  t  T;
is a martingale in G under the forward measure I^P, provided it is integrable under
I^P.
The next lemma will be key to compute self-nancing portfolio strategies in
the assets (Xt;Mt) by numeraire invariance, cf. [12], [6] for the nite dimensional
case. We say that a portfolio (t; t)t2[0;T ] with value
ht; XtiG;G + tMt; 0  t  T;
is self-nancing if
dVt = ht; dXtiG;G + tdMt: (2.3)
The portfolio (t; t)t2[0;T ] is said to hedge the claim  =MS ^ if
ht; XtiG;G + tMt = IE
h
e 
R S
t
rsdsMS ^
Fti ; 0  t  T:
Lemma 2.1. Assume that the forward claim price V^t := I^E[^jFt] has the pre-
dictable representation
V^t = I^E[^] +
Z t
0
hs; dX^siG;G; 0  t  T; (2.4)
where (t)t2[0;T ] is a square-integrable G-valued adapted process of continuous
linear mappings on G. Then the portfolio (t; t)t2[0;T ] dened with
t = V^t   ht; X^tiG;G; 0  t  T; (2.5)
and priced as
Vt = ht; XtiG;G + tMt; 0  t  T;
is self-nancing and hedges the claim  =MS ^.
Proof. For completeness we provide the proof of this lemma, although it is a direct
extension of classical results. In order to check that the portfolio (t; t)t2[0;T ]
hedges the claim  =MS ^ it suces to note that by (2.1) and (2.5) we have
ht; XtiG;G + tMt =MtV^t = IE
h
e 
R S
t
rsdsMS ^
Fti ; 0  t  T:
The portfolio (t; t)t2[0;T ] is clearly self-nancing for (X^t; 1) by (2.4), and by the
semimartingale version of numeraire invariance, cf. e.g. page 184 of [12], and [6],
it is also self-nancing for (Xt;Mt), cf. also x 3.2 of [8] and references therein.
For completeness we quote the proof of the self-nancing property, as follows:
dVt = d(MtV^t)
= V^tdMt +MtdV^t + dMt  dV^t
= V^tdMt +Mtht; dX^tiG;G + dMt  ht; dX^tiG;G
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= ht; X^tiG;GdMt +Mtht; dX^tiG;G + dMt  ht; dX^tiG;G
+(V^t   ht; X^tiG;G)dMt
= ht; d(MtX^t)iG;G + (V^t   ht; X^tiG;G)dMt
= ht; dXtiG;G + tdMt:

Lemma 2.1 yields a self-nancing portfolio (t; t)t2[0;T ] with value
Vt = V0 +
Z t
0
sdMs +
Z t
0
hs; dXsiG;G; 0  t  T; (2.6)
given by (2.3), which hedges the claim with exercise date T and random payo .
Clark formula under change of measure. Recall that by the Girsanov theorem, cf.
Theorem 10.14 of [3] or Theorem 4.2 of [1], the process (W^t)t2R+ dened by
dW^t = dWt   1
Mt
dMt  dWt; t 2 R+; (2.7)
is a H-valued Brownian motion under I^P. Let D denote the Malliavin gradient
with respect to (Wt)t2R+ , dened on smooth functionals
^ = f(Wt1 ; : : : ;Wtn)
of Brownian motion, f 2 Cb(Rn), as
Dt^ =
nX
k=1
1[0;tk](t)
@f
@xk
(Wt1 ; : : : ;Wtn); t 2 R+;
and extended by closability to its domain Dom (D). The proof of Proposition 3.1
relies on the following Clark-Ocone formula under a change of measure, cf. [9],
which can be extended to H-valued Brownian motion by standard arguments.
Lemma 2.2. Let (t)t2R+ denote a H-valued square-integrable Ft-adapted process
such that t 2 Dom (D), t 2 R+, and
dWt = tdt+ dW^t:
Let ^ 2 Dom (D) such that
E^
"Z T
0
kDt^k2Hdt
#
<1 (2.8)
and
E^
24j^j Z T
0

Z T
0
DtsdW^s

2
H
dt
35 <1: (2.9)
Then the predictable representation
^ = I^E[^] +
Z T
0
h^t; dW^tiH
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is given by
^t = I^E
"
Dt^ + ^
Z T
t
DtsdW^s
Ft# ; 0  t  T: (2.10)
3. Hedging by the Clark-Ocone Formula
In this section we present a computation of hedging strategies using the Clark-
Ocone formula under change of measure and we assume that the dynamics of
(Pt)t2R+ is given by the stochastic dierential equation
dPt = rtPtdt+ PttdWt; (3.1)
in the Sobolev space G which is assumed to be an algebra of real-valued functions
on R+. The process (rt)t2R+ represents a short term interest rate process adapted
to the ltration (Ft)t2R+ generated by (Wt)t2R+ , and (t)t2R+ is an LHS(H;G)-
valued deterministic function.
The aim of this section is to prove Proposition 3.1 below under the non-
restrictive integrability conditionsZ T
0
Z 1
T
kt(y)k2H I^E[jP^T j2(y)](dy)dt <1 (3.2)
and Z T
0
Z 1
T
kt(y)k2H I^E[jP^T ()j2(jP^T j2(y) + jP^tj2(y))](dy)dt <1: (3.3)
which are respectively derived from (2.8) and (2.9). The next proposition provides
an alternative to Proposition 3.3 in [11] by applying to a dierent family of payo
functions. It coincides with Proposition 3.3 of [11] in case S = T and  = T .
Proposition 3.1. Consider the claim with payo
 = PS()g^

PT ()
PT ()

;
where g^ : R! R is a Lipschitz function. Then the portfolio
t(dy) := I^E
"
P^T (y)
P^t(y)
g^0(P^T ())
Ft#(dy)
+I^E
"
(g^(P^T ())  P^T ()g^0(P^T ())) P^T (y)
P^t(y)
Ft# (dy) (3.4)
0  t  T , is self-nancing and hedges the claim .
Before proving Proposition 3.1 we check that the portfolio t hedges the claim
 = PS()g^(P^T ()) by construction, since we have
ht; PtiG;G =
Z 1
T
Pt(y)t(dy)
=
Z 1
T
I^E
"
P^T (y)
P^t(y)
g^0(P^T ())
Ft#Pt(y)(dy)
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+
Z 1
T
I^E
"
(g^(P^T ())  P^T ()g^0(P^T ())) P^T (y)
P^t(y)
Ft#Pt(y)(dy)
= Pt()I^E
h
g^(P^T ())
Fti
 Pt()
Z 1
T
I^E
h
P^T (y)g^
0(P^T ())
Fti(dy)
+Pt()
Z 1
T
I^E
h
P^T ()g^
0(P^T ())P^T (y)
Fti (dy)
= Pt()I^E
h
g^(P^T ())
Fti = IE he  R St rsds Fti :
by (2.1). Hence
ht; P^tiG;G = I^E
h
g^(P^T ())
Fti = V^t (3.5)
The identity (3.5) will also be used in the proof of Lemma 3.5 below.
Before moving to the proof of Proposition 3.1 we consider some examples of
applications of the results of Proposition 3.1, in which the dynamics of (Pt)t2R+
is given by (1.2).
Exchange options. In the case of an exchange option with S = T and payo
(PT ()  PT ())+, Proposition 3.1 yields the self-nancing hedging strategy
t(dy) = I^E
"
1fP^T ()>g
P^T (y)
P^t(y)
Ft#(dy)  I^E"1fP^T ()>g P^T (y)P^t(y)
Ft# (dy)
= I^E
"
1fP^T ()>g
P^T (y)
P^t(y)
Ft# ((dy)  (dy)):
Bond options. In the case of a bond call option with S = T and payo (PT (U) )+
and  = U ,  = T , this yields
t(dy) =
Pt(T )
Pt(U)
I^E
h
1fP^T (U)>gP^T (U)
Fti U (dy)  I^E h1fP^T (U)>gFti T (dy):
(3.6)
This particular setting of bond options can be modeled using the diusions of
Section 4 since in that case P^t() = Pt(U)=Pt(T ) is a geometric Brownian motion
under I^P with volatility
^(t) = t(U)  t(T ) (3.7)
given by (3.12) below, in which case the above result coincides with the delta
hedging formula (4.10) below.
Caplets on the LIBOR rate. In the case of a caplet with payo
(S   T )(L(T; T; S)  )+ = (PT (S) 1   (1 + (S   T )))+; (3.8)
on the LIBOR rate
L(t; T; S) =
Pt(T )  Pt(S)
(S   T )Pt(S) ; 0  t  T < S; (3.9)
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and  = T ,  = S , Proposition 3.1 yields
t(dy) =
Pt(S)
Pt(T )
I^E

1
PT (S)
1fPT (S)<1=(1+(S T ))g
Ft T (dy) (3.10)
 (1 + (S   T ))I^E
h
1fPT (S)<1=(1+(S T ))g
Fti S(dy)
In this case, P^t() = Pt(T )=Pt(S) is modeled by a geometric Brownian motion
with volatility ^(t) = t(T )  t(S) as in Section 4 and the above result coincides
with the formula (4.11) below.
Swaptions. In this case the modeling of the swap rate diers from the diusion
model of Section 4. For a swaption with S = T and payo
(PT (Ti)  PT (Tj)  PT ())+
on the LIBOR, where
(dy) = Ti(dy)  Tj (dy) and (dy) =
j 1X
k=i
kTk+1(dy);
with k = Tk+1   Tk, k = i; : : : ; j   1, we obtain
t(dy) = I^E
"
1fP^T ()>g
P^Ti(Ti)
P^t(Ti)
Ft# Ti(dy)
 (1 + j 1)I^E
"
1fP^T ()>g
P^Ti(Tj)
P^t(Tj)
Ft# Tj (dy)
 
j 1X
k=i+1
k 1I^E
"
1fP^T ()>g
P^Ti(Tk)
P^t(Tk)
Ft# Tk(dy): (3.11)
The above consequence of Proposition 3.1 diers from (4.13) in Section 4 be-
cause of dierent modeling assumptions. Moreover, in this case the volatility of
(P^t())t2[0;T ] may not be deterministic, cf. (3.14), (3.17) below.
Proof of Proposition 3.1. By Lemma 3.5 below the forward claim price V^t has the
predictable representation
V^t = I^E[^] +
Z t
0
hs; dP^siG;G; 0  t  T:
Hence by Lemma 2.1 the portfolio priced as
Vt = ht; PtiG;G; 0  t  T;
is self-nancing and it hedges the claim  = PS()g^(PT ()=PT ()), since t = 0
by (2.5) and (3.5). 
The next lemma, which will be used in the proof of Lemma 3.4 below, shows in
particular that for xed U > 0, (P^t(U))t2R+ is usually not a geometric Brownian
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motion, except in the case of bond options with (dy) = U (dy) and (dy) =
T (dy), where we get
d
Pt(U)
Pt(T )
=
Pt(U)
Pt(T )
(t(U)  t(T ))dW^t;
and
^(t) = t(U)  t(T ); 0  t  T: (3.12)
Lemma 3.2. For all y 2 R+ we have
dP^t(y) = ^t(P^t; y)dW^t; t; y 2 R+; (3.13)
where
^t(P^t; y) := P^t(y)
Z 1
T
P^t(z)(t(y)  t(z))(dz); t; y 2 R+: (3.14)
Proof. Dening the discounted bond price ~Pt by
~Pt = exp

 
Z t
0
rsds

Pt; t 2 R+; (3.15)
we have
dP^t(y) = d
 
~Pt(y)
~Pt()
!
=
d ~Pt(y)
~Pt()
+ ~Pt(y)d

1
~Pt()

+ d ~Pt(y)  d

1
~Pt()

=
d ~Pt(y)
~Pt()
+
~Pt(y)
~Pt()
0@ d ~Pt()
~Pt()
+
 
d ~Pt()
~Pt()
!21A  d ~Pt(y)
~Pt()
 d
~Pt()
~Pt()
=
d ~Pt(y)
~Pt()
  P^t(y)d
~Pt()
~Pt()
+P^t(y)
Z 1
T
P^t(s)
Z 1
T
P^t(z)t(z)t(s)(dz)(ds)dt
 t(y)P^t(y)
Z 1
T
P^t(z)t(z)(dz)dt
= P^t(y)t(y)dWt   P^t(y)
Z 1
T
P^t(z)t(z)(dz)dWt
 P^t(y)
Z 1
T
P^t(s)
Z 1
T
P^t(z)(t(y)  t(z))t(s)(dz)(ds)dt
= P^t(y)
Z 1
T
P^t(z)(t(y)  t(z))(dz)dWt
 P^t(y)
Z 1
T
P^t(z)(t(y)  t(z))
Z 1
T
P^t(s)t(s)(ds)(dz)dt
= P^t(y)
Z 1
T
P^t(z)(t(y)  t(z))(dz)dW^t;
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by the relation
dW^t = dWt  
Z 1
T
P^t(s)t(s)(ds)dt; t 2 R+; (3.16)
which follows from (2.7). 
In the case of a swaption with
(dy) = Ti(dy)  Tj (dy) and (dy) =
j 1X
k=i
kTk+1(dy);
P^t() becomes the corresponding swap rate and Lemma 3.2 yields
d
Pt()
Pt()
=
Pt()
Pt()
 
Pt(Tj)
Pt()
(t(Ti)  t(Tj)) +
j 1X
k=i
k
Pt(Tk+1)
Pt()
(t(Ti)  t(Tk+1))
!
dW^t;
which shows that
^(t) =
Pt(Tj)
Pt()
(t(Ti)  t(Tj)) +
j 1X
k=i
k
Pt(Tk+1)
Pt()
(t(Ti)  t(Tk+1)); (3.17)
0  t  T , and coincides with the dynamics of the LIBOR swap rate in Rela-
tion (1.28), page 17 of [13].
Lemma 3.3 has been used in the proof of Proposition 3.1.
Lemma 3.3. We have
DtP^u(y) = ^t(P^u; y); 0  t  u; y 2 R+; (3.18)
where
^t(P^u; y) = P^u(y)
Z 1
T
P^u(z)(t(y)  t(z))(dz); (3.19)
0  t  u, y 2 R+.
Proof. The discounted bond price ~Pt dened in (3.15) satises the relation
~Pu(y) = ~P0(y) exp
Z u
0
t(y)dWt   1
2
Z u
0
jt(y)j2 dt

; y 2 R+;
with
Du ~PT (y) = ~PT (y)u(y); 0  u  T; y 2 R+:
Hence we get
DtP^u(y) = Dt
~Pu(y)
~Pu()
=
Dt ~Pu(y)
~Pu()
 
~Pu(y)
~Pu()
Dt ~Pu()
~Pu()
=
~Pu(y)
~Pu()
 
t(y) 
Z 1
T
t(z)
~Pu(z)
~Pu()
(dz)
!
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= P^u(y)
Z 1
T
P^u(z)(t(y)  t(z))(dz)
= ^t(P^u; y);
0  t  u, y 2 R+. 
The following lemma has been used in the proof of Lemma 3.5.
Lemma 3.4. Taking ^ = g^(P^T ()), the process in Lemma 2.2 is given by
^t =
Z 1
T
I^E
h
g^0(P^T ())P^T (y)
Fti t(y)(dy)
 
Z 1
T
I^E
h
P^T ()g^
0(P^T ())P^T (y)
Fti t(y)(dy)
+
Z 1
T
I^E
h
g^(P^T ())(P^T (y)  P^t(y))
Fti t(y)(dy)
Proof. By (3.16), the process (t)t2R+ in (2.10) is given by
t =
Z 1
T
P^t(s)t(s)(ds) 2 H; t 2 R+:
Taking ^ = g^(P^T ()), Lemma 2.2 yields
V^t = I^E[g^(P^T ())] +
Z t
0
h^s; dW^siH ; 0  t  T;
where
^s = I^E
"
Dsg^(P^T ()) + g^(P^T ())
Z T
s
Ds
Z 1
T
P^u(y)u(y)(dy)dW^u
Fs# ; (3.20)
0  s  T . By integration with respect to (dy) in (3.18) we get
DtP^T () =
Z 1
T
t(y)P^T (y)(dy)  P^T ()
Z 1
T
t(y)P^T (y)(dy);
which allows us to compute Dtg^(P^T ()) = g^
0(P^T ())DtP^T () in (3.20), 0  t  T .
On the other hand, by Relations (3.14) and (3.19) in Lemmas 3.2 and Lemma 3.3
we haveZ 1
T
^t(P^u; y)u(y)(dy) =
Z 1
T
P^u(y)
Z 1
T
P^u(z)(t(y)  t(z))(dz)u(y)(dy)
=
Z 1
T
P^u(y)
Z 1
T
P^u(z)t(y)(u(y)  u(z))(dz)(dy)
=
Z 1
T
t(y)^u(P^u; y)(dy);
hence from Relations (3.13) and (3.18) the second term in (3.20) can be computed
asZ T
t
Dt
Z 1
T
P^u(y)u(y)(dy)dW^u =
Z T
t
Z 1
T
DtP^u(y)u(y)(dy)dW^u
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=
Z T
t
Z 1
T
^t(P^u; y)u(y)(dy)dW^u
=
Z T
t
Z 1
T
^u(P^u; y)t(y)(dy)dW^u
=
Z 1
T
Z T
t
t(y)^u(P^u; y)dW^u(dy)
=
Z 1
T
t(y)
Z T
t
dP^u(y)(dy)
=
Z 1
T
(P^T (y)  P^t(y))t(y)(dy);
where ^t(P^u; y) is given by (3.19) above. Hence we have
Dtg^(P^T ()) + g^(P^T ())
Z T
t
Dt
Z 1
T
P^u(y)t(y)(dy)dW^u
= g^0(P^T ())DtP^T () + g^(P^T ())
Z T
t
Dt
Z 1
T
P^u(y)t(y)(dy)dW^u
= g^0(P^T ())
Z 1
T
t(y)P^T (y)(dy)  P^T ()g^0(P^T ())
Z 1
T
t(y)P^T (y)(dy)
+
Z 1
T
g^(P^T ())(P^T (y)  P^t(y))t(y)(dy);
which is square-integrable by Conditions (3.2) and (3.3). By (3.20), this yields
^t =
Z 1
T
I^E
h
g^0(P^T ())P^T (y)
Fti t(y)(dy)
 
Z 1
T
I^E
h
P^T ()g^
0(P^T ())P^T (y)
Fti t(y)(dy)
+
Z 1
T
I^E
h
g^(P^T ())(P^T (y)  P^t(y))
Fti t(y)(dy)

The next lemma has been used in the proof of Proposition 3.1.
Lemma 3.5. The process t in the predictable representation
V^t = I^E[^] +
Z t
0
hs; dP^siG;G; 0  t  T;
of the forward claim price V^t := I^E[^jFt], cf. (2.4), is given by
t(dy) = I^E
"
P^T (y)
P^t(y)
g^0(P^T ())
Ft#(dy)
+I^E
"
(g^(P^T ())  P^T ()g^0(P^T ())) P^T (y)
P^t(y)
Ft# (dy);
0  t  T ,
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Proof. By Lemma 3.4 above we have, since P^t() =
Z 1
T
Pt(y)
Pt()
(dy) = 1,
h^t; dWtiH =
Z 1
T
I^E
h
g^0(P^T ())P^T (y)
Fti t(y)(dy)dWt
 
Z 1
T
I^E
h
P^T ()g^
0(P^T ())P^T (y)
Fti t(y)(dy)dWt
+
Z 1
T
I^E
h
g^(P^T ())(P^T (y)  P^t(y))
Fti t(y)(dy)dWt
=
Z 1
T
I^E
h
g^0(P^T ())P^T (y)
Fti(dy)dPt(y)
Pt(y)
  rtdt

 
Z 1
T
I^E
h
P^T ()g^
0(P^T ())P^T (y)
Fti (dy)dPt(y)
Pt(y)
  rtdt

+
Z 1
T
I^E
h
g^(P^T ())(P^T (y)  P^t(y))
Fti (dy)dPt(y)
Pt(y)
  rtdt

=
Z 1
T
I^E
h
g^0(P^T ())P^T (y)
Fti(dy)dPt(y)
Pt(y)
 
Z 1
T
I^E
h
P^T ()g^
0(P^T ())P^T (y)
Fti (dy)dPt(y)
Pt(y)
+
Z 1
T
I^E
h
g^(P^T ())(P^T (y)  P^t(y))
Fti (dy)dPt(y)
Pt(y)
=
Z 1
T
I^E
h
P^T (y)g^
0(P^T ())
Fti(dy)dPt(y)
Pt(y)
+
Z 1
T
I^E
h
P^T (y)(g^(P^T ())  P^T ()g^0(P^T ()))
Fti (dy)dPt(y)
Pt(y)
 I^E
h
g^(P^T ())
Fti dPt()
Pt()
=
1
Mt
ht; dPtiG;G   V^t dPt()
Pt()
;
and by (2.7) and (3.5) we have
h^t; dW^tiH = h^t; dWtiH   1
Mt
dMt  h^t; dWtiH
= h^t; dWtiH   1
Mt
dMt 

1
Mt
ht; dPtiG;G   1
Mt
V^tdMt

= h^t; dWtiH   1
Mt
dMt 

ht; dP^tiG;G + 1
Mt
ht; P^tiG;GdMt
+
1
Mt
dMt  ht; dP^tiG;G   1
Mt
V^tdMt

= h^t; dWtiH   1
Mt
dMt 

ht; dP^tiG;G + 1
Mt
dMt  ht; dP^tiG;G

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=
1
Mt
ht; dPtiG;G   1
Mt
V^tdMt   1
Mt
dMt  ht; dP^tiG;G
= ht; dP^tiG;G; (3.21)
since
dPt =MtdP^t + P^tdMt + dMt  dP^t:

When the forward price process (P^t)t2R+ follows the dynamics (1.7), Rela-
tion (3.21) above shows that we have the relation
h^t; dW^tiH = ht; dP^tiG;G = ht; ^tdW^tiG;G;
which shows that
^t = ^

t t;
and recovers (1.8).
4. Delta Hedging
In this section we consider a G-valued asset price process (Xt)t2R+ and a nu-
meraire (Mt)t2R+ , and we assume that the forward asset price X^t := X^t=Mt,
t 2 R+, is modeled by the diusion equation
dX^t = ^t(X^t)dW^t; (4.1)
under the forward measure I^P dened by (2.2), where x 7! ^t(x) 2 LHS(H;G) is
a Lipschitz function from G into the space of Hilbert-Schmidt operators from H
to G, uniformly in t 2 R+,
Vanilla options. In this Markovian setting a Vanilla option with payo
 =MS g^(X^T )
is priced at time t as
IE
h
e 
R S
t
rsdsMS g^(X^T )
Fti =MtI^E hg^(X^T )Fti =MtC^(t; X^t); (4.2)
for some measurable function C^(t; x) on R+G, and Lemma 2.1 has the following
corollary.
Corollary 4.1. Assume that the function C^(t; x) is C2 on R+ G, and let
t = C^(t; X^t)  hrC^(t; X^t); X^tiG;G; 0  t  T:
Then the portfolio (rC^(t; X^t); t)t2[0;T ] with value
Vt = tMt + hrC^(t; X^t); XtiG;G; 0  t  T;
is self-nancing and hedges the claim  =MS g^(X^T ).
Proof. By Ito^'s formula, cf. Theorem 4.17 of [3], and the martingale property of
V^t under I^P, the process (t)t2[0;T ] in the predictable representation (2.4) is given
by
t = rC^(t; X^t); 0  t  T:

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When
Xt = Pt() := h; PtiG;G =
Z 1
T
Pt(y)(dy);
and
Mt = Pt() = h; PtiG;G =
Z 1
T
Pt(y)(dy);
Corollary 4.1 shows that the portfolio
t(dy) =
@C^
@x
(t; X^t)(dy) +
 
C^(t; X^t)  X^t @C^
@x
(t; X^t)
!
(dy); (4.3)
0  t  T , where C^(t; x) is dened in (4.2), is a self-nancing hedging strategy for
the claim
 = PS()g^

PT ()
PT ()

;
with Mt = Pt(), t 2 R+.
When G = R and (X^t)t2R+ is a geometric Brownian motion with deterministic
volatility H-valued function (^(t))t2R+ under the forward measure I^P, i.e.
dX^t = X^t^t(t)dW^t; (4.4)
the exchange call option with payo
MS(X^T   )+;
is priced by the Black-Scholes-Margrabe [10] formula
IE
h
e 
R S
t
rsdsMS(X^T   )+
Fti = Xt0+(t; ; X^t)  Mt0 (t; ; X^t); t 2 R+;
(4.5)
where
0+(t; ; x) = 

log(x=)
v(t; T )
+
v(t; T )
2

; 0 (t; ; x) = 

log(x=)
v(t; T )
  v(t; T )
2

;
(4.6)
and
v2(t; T ) =
Z T
t
^2(s)ds:
By Corollary 4.1 and the relation
@C^
@x
(t; x) = 

log(x=)
v(t; T )
+
v(t; T )
2

= 0+(t; ; x);
this yields a self-nancing portfolio
(0+(t; ; X^t); 0 (t; ; X^t))t2[0;T ]
in (Xt;Mt) that hedges the claim  = MS(X^T   )+. In particular, when the
short rate process (rt)t2R+ is a deterministic function and Mt = e
  R T
t
rsds, 0 
t  T , (4.5) is Merton's \zero interest rate" version of the Black-Scholes formula,
a property which has been used in [7] for the hedging of swaptions.
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In particular, from (4.5) we have
IE
h
e 
R S
t
rsdsPS()(X^T   )+
Fti = Pt()C^(t; X^t) (4.7)
= Pt()
0
+(t; ; X^t)  Pt()0 (t; ; X^t);
and the portfolio
t(dy) = 
0
+(t; ; X^t)(dy)  0 (t; ; X^t)(dy); 0  t  T; (4.8)
is self-nancing, hedges the claim PS()(X^T   )+, and is evenly distributed with
respect to (dy) and to (dy).
As applications of (4.3) and (4.7), we consider some examples of delta hedging,
in which the asset allocation is uniform on (dy) and (dy) with respect to the
bond maturities y 2 [T;1).
Bond options. Taking S = T , the bond option with payo
 =MT g^(PT (U)); 0  T  U;
belongs to the above framework with
(dy) = U (dy) and (dy) = T (dy);
hence Mt = Pt() = Pt(T ) and when X^t = Pt(U)=Pt(T ) is Markov as in (4.1), the
self-nancing hedging strategy is given from (4.3) by
t(dy) =
@C^
@x
(t; X^t)U (dy) +
 
C^(t; X^t)  X^t @C^
@x
(t; X^t)
!
T (dy): (4.9)
Furthermore, when (X^t)t2R+ is a geometric Brownian motion given by (4.4) under
I^P, the bond call option with payo
(PT ()  PT ())+ = (PT (U)  )+
is priced as
IE
h
e 
R T
t
rsds(PT (U)  )+
Fti = Pt(U)0+(t; ; X^t)  Pt(T )0 (t; ; X^t);
and the corresponding hedging strategy is therefore given by
t(dy) = 
0
+(t; ; X^t)U (dy)  0 (t; ; X^t)T (dy); (4.10)
from (4.8). When the dynamics of (Pt)t2R+ is given by (3.1) where t(y) is deter-
ministic, ^(t) is given from (3.12) and Lemma 3.2 as
^(t) = t(U)  t(T ); 0  t  T  U;
and we check that (4.10) coincides with the result (3.6) obtained in Section 3, cf.
also page 207 of [11].
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Caplets. Here we take T < S, Xt = Pt() = Pt(T ), Mt = Pt() = Pt(S), with
(dy) = T (dy) and (dy) = S(dy);
and we consider the caplet with payo (3.8) on the LIBOR rate (3.9), i.e.
 = (S   T )(L(T; T; S)  )+ = (X^T   (1 + (S   T )))+:
Assuming that X^t = Pt(T )=Pt(S) is a (driftless) geometric Brownian motion under
I^P with ^(t) a deterministic function, this caplet is priced as in (4.7) as
(S   T ) IE
h
e 
R S
t
rsds(L(T; T; S)  )+
Fti
= MtI^E
h
(X^T   (1 + (S   T )))+
Fti
= Pt(T )
0
+(t; 1 + (S   T ); X^t)
 (1 + (S   T ))0 (t; 1 + (S   T ); X^t)Pt(S);
since PS() = 1, and the corresponding hedging strategy is given as in (4.8) by
t(dy) = 
0
+(t; 1+(S T ); X^t)T (dy) (1+(S T ))0 (t; 1+(S T ); X^t)S(dy):
(4.11)
When the dynamics of (Pt)t2R+ is given by (3.1), where t(y) in (3.1) is determin-
istic, Lemma 3.2 shows that ^(t) in (4.4) can be taken as
^(t) = t(T )  t(S); 0  t  T  S;
and in this case (4.11) coincides with Relation (3.10) above.
Hedging strategies for caps are easily computed by summation of hedging strate-
gies for caplets.
Swaptions on LIBOR rates. Consider a tenor structure fT  Ti; : : : ; Tjg and the
swaption on the LIBOR rate with payo
 = PT ()g^

PT (Ti)  PT (Tj)
PT ()

; (4.12)
where
X^t =
Pt()
Pt()
=
Pt(Ti)  Pt(Tj)
Pt()
; 0  t  T;
is the swap rate, which is a martingale under I^P, in which case we have
(dy) = Ti(dy)  Tj (dy) and (dy) =
j 1X
k=i
kTk+1(dy)
and
Mt = Pt() =
j 1X
k=i
kPt(Tk+1)
is the annuity numeraire.
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When (X^t)t2R+ is Markov as in (4.1), the self-nancing hedging strategy of the
swaption with payo (4.12) is given by (4.3) as
t(dy) =
@C^
@x
(t; X^t)Ti(dy) +
 
C^(t; X^t)  X^t @C^
@x
(t; X^t)
!
j 1X
k=i+1
k 1Tk(dy)
+
 
j 1C^(t; X^t)  (1 + j 1X^t)@C^
@x
(t; X^t)
!
Tj (dy);
0  t  T .
Finally we assume that the swap rate
X^t :=
Pt(Ti)  Pt(Tj)Pj 1
k=i kPt(Tk+1)
; 0  t  T;
is modeled according to a driftless geometric Brownian motion under the forward
swap measure I^P determined by Mt :=
j 1X
k=i
kPt(Tk+1), t 2 R+, with (^(t))t2[0;T ]
a deterministic function. In this case the swaption with payo
(PT ()  PT ())+ = (PT (Ti)  PT (Tj)  PT ())+;
priced from (4.7) as
IE
h
e 
R T
t
rsds(PT (Ti)  PT (Tj)  PT ())+
Fti
= (Pt(Ti)  Pt(Tj))0+(t; ; X^t)  Pt()0 (t; ; X^t)
has the self-nancing hedging strategy
t(dy) = 
0
+(t; ; X^t)Ti(dy)  (0+(t; ; X^t) + j 10 (t; ; X^t))Tj (dy)
 0 (t; ; X^t)
j 1X
k=i+1
k 1Tk(dy); (4.13)
by (4.8). This recovers the self-nancing hedging strategy of [7]. The above hedg-
ing strategy (4.13) also shares the same maturity dates as (3.11) above, although
it is stated in a dierent model.
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